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Abstract. In this paper we will prove a uniformity result for the Iitaka fi- 
bration / : X —tY, provided that the generic fiber has a good minimal model 
and the variation of / is zero or that k(X) = dim A — 1. 



1. Introduction 

One of the main problems in complex projective algebraic geometry is to un- 
derstand the structure of pluricanonical maps. Recently, Hacon and M c Kernan 
HM06 , Takayama Ta k06] and Tsuji }Tsu06] have proved a beautiful result stat- 
ing that there is a universal constant r n such that if X is a smooth projective 
variety of general type and dimension n, then the pluricanonical map 

<t> rKx : X — » F(H°(X,O x (rK x ))) 

is birational for all r > r n . In HMQ6., Hacon and M c Kernan also proposed a 
related conjecture for the Iitaka fibration in the case dimX > k(X) > 0. 

Conjecture 1.1 ( |HM06| Conjecture 1.7]). Fix n E Z>o- There is positive integer 
r n with the following property: Let X be a smooth n- dimensional projective variety 
of non-negative Kodaira dimension. Then the rational map 4> r K x is birationally 
equivalent to the Iitaka fibration for all sufficiently divisible integers r > r n . 



The purpose of this paper is to prove Conjecture II .11 under the hypotheses that 
the Iitaka fibration is isotrivial or that k(X) = dimX — 1. 

Theorem 1.2. For any positive integers n, b, k, there exists an integer m(n, b, k) > 
such that if f : X — > Y is the Iitaka fibration with X and Y smooth projective 
varieties, dimX = n, with generic fiber F of f of Kodaira dimension zero, such 
that 

(1) the variation of f is zero; 

(2) F has a good minimal model; 

(3) b is the smallest integer such that h (F,bKp) ^ 0, and Betti c ii m (E')(^' / ) ^ k> 
where E' is a smooth model of the cover E — > F of the generic fiber F 
associated to b-th root of the unique element of \oKf\; 

then the pluricanonical map 

<f> mKx : X — ► ¥H°(X,O x (mK x )) 
is birationally equivalent to f, for any m G Z>o such that m is divisible by m(n, b, k). 
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Theorem 1.3. Let X be an n- dimensional smooth projective variety of Kodaira 
dimension n — 1 with Iitaka fibration f : X — > Y. Then there exists a positive 
integer m n depending only on n such that 4> m K x * s birationally equivalent to f for 
all positive integers m divisible by m n . 

Coniecture ll.il has been extensively studied. In [FMOO , Fujino and Mori prove 
that if k(X) = 1, then (jl.ip holds under the hypothesis (3) of Theorem ll.2l Viehweg 
and Zhang [VZ09] also obtain this uniformity result for k(X) = 2 under the same 
hypothesis. A related result of [VZ09 for 3-folds has been obtained independently 
by Ringler |Rin07j . For arbitrary Kodaira dimension, Pacienza [Pac09] recently 
has given an affirmative answer to (jl.ljl assuming that Y is not uniruled, the Iitaka 
fibration / has maximal variation and the hypotheses (2) and (3) of Theorem 11.21 

We now sketch the proof of Theorem 1.2. The main idea is to follow the approach 
of }HM06j . |Tak06] and |Tsu06j . By the Canonical Bundle Formula (cf. Section 3), 
there are two Q-divisors My (the moduli part) and By (the boundary part) on Y, 
such that for alH > 0, H°(X, O x (ibNK x )) = H a (Y,Oy{\ibN{K Y + M Y + By)})), 
where N is a positive integer depending on the hypothesis (3) of Theorem 1.2 
and My is Q-linearly trivial by the hypotheses (1) and (2) (Theorem 13.61) . In 
order to prove Theorem 1.2, it remains to bound a multiple m of bN for which 
^m{KY+MY+B Y ) is birational. We first show that there exists such m of the form 
a(vol(F, K Y + M Y + By))- 1 / 11 ' + (3 that (j) m 

(Ky+My+By) 1S birational, where n' = 
dimY and a, (3 are constants depending only on n, b and k. Then using techniques 
developed in [HMXlOj . we show that if My is Q-linearly trivial, vol(Y", Ky + My + 
By) can be bounded from below. Hence m admits a uniform bound. 

The main difficulty is that for a very general point y G Y, we need to construct 
an effective Q-divisor D y which is Q-linearly equivalent to X(Ky + My + By), where 
A depends on vol(Y, Ky + My + By), such that y is an isolated non-kit center of 
(Y, D y ). There is a well established way for producing divisors with non-kit centers 
at y. The problem is that the smallest non-kit center V containing y may be of 
positive dimension. In order to produce an isolated non-kit center, we have to cut 
down the dimension of the non-kit centers. By [BCHM10 , we can assume Y is 
the log canonical model, so Ky + My + By is ample. Then by Subadjunction 
(see Section 5) we prove that vol(V, (Ky + My + By)\v) is bounded by a number 
related to vol(F, Ky + My + By). Using techniques developed in |M c K02j (see 
Section 4) , we can produce a new divisor with a smaller dimensional non-kit center 
at y. Repeating this procedure at most n' — 1 times, we get the desired divisor D y , 
see Section 6. 

In Theorem II .31 the generic fiber of the Iitaka fibration / is an elliptic curve, so 
the hypotheses (2) and (3) of Theorem ll.2l automaticallv hold and YIMy is linearly 
equivalent to a base point free divisor on Y . Then using techniques in |HMX10] 
and the above argument, we prove that 1 1.1 1 holds true for any n-dimensional variety 
X of Kodaira dimension n — 1 . 
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2. Preliminaries 

2.1. Notation and conventions. We work over the complex number field C. 
Let A be a normal variety. We say that two Q-divisor D\, Dq, on A are Q- 
linearly equivalent {D\ ~q Di) if there exists an integer m > such that mDi are 
linearly equivalent. If D = ^diDi is a Q-divisor, then the round down of D is 
[D\ = ^2[di\Di, where [d\ denotes the largest integer which is at most d, and the 
round up of D is \D~\ = - [-D\ . 

A log pair (X, A) is a normal variety X and an effective Q-Weil divisor A on X 
such that Kx + A is Q-Cartier. We say that (X, A) is log smooth if X is smooth 
and A is a Q-divisor with simple normal crossings support. A projective morphism 
fi : Y — > AT is a log resolution of the pair (A, A) if Y is smooth and fi~ 1 (A) U 
{exceptional set of ^i} is a divisor with simple normal crossings support. We write 
Ky = n*(Kx + A) + r and T = ^ ajT; where I\ are distinct reduced irreducible 
divisors. We call a« the discrepancy of the pair (A, A) at IV The pair (A, A) 
is kawamata log terminal, kit for short (resp. log canonical, lc for short), if 
there is a log resolution /i : Y — > X as above such that the discrepancies of T are 
strictly greater than —1, i.e. a$ > —1 for all i (resp. <Zj > —1). A subvariety V of 
A is called a non-kit center of (A, A) if it is the image of a divisor of discrepancy 
at most — 1. The non-kit locus Non-kit (A, A) of the pair (A, A) is the union of 
the non-kit centers. A non-kit center V is called a pure log canonical center if 
(A, A) is log canonical at the generic point of V. 

If D is a Weil divisor on a normal projective variety A, then <pjj denotes the 
rational map A — » PH°(X, O x (D)) induced by global sections of O x (D). 

2.2. Volumes and bounded pairs. 

Definition 2.1. Lex A be an irreducible projective variety of dimension n and D 
be a Q-divisor. The volume of D is 

UY n , r n\h°{X,O x {mD)) 
vol(A, D) = limsup . 

We say that D is big if vol(A, D) > 0. 

We refer the reader to |Lazlj for further details. 

Lemma 2.2 ( HM06] Lemma 2.2]). Let X be a projective variety, D a divisor such 
that 4>d is birational with image Z. Then the volume of D is at least the degree of 
Z and hence at least 1. 

Lemma 2.3 ([HMX10, Lemma 2.3.4]). Let X be a normal projective variety of 
dimension n and let D be a big Q-Cartier divisor on X. If 4>d is birational, then 
^Kx+(2n+i)(D+M) * s birational for any numerically trivial Cartier divisor M. 

Definition 2.4 ( [HMX10[ Defmiton 2.4.2]). A set Q of log pairs is log birationally 

bounded if there is a log pair (Z, B) and a projective morphism Z — > T, where 
T is of finite type, such that for every (A, A) S S, there is a closed point t 6 T and 
a birational map / : Z-t — * X such that the support of B t contains the support of 
the strict transform of A and any /-exceptional divisor. 

Theorem 2.5 ([HMX10, Theorem 3.1]). Fix a positive integer n and two constants 
A and 5 > 0. Then the set of log pairs (A, A) satisfying 
(1) A is projective of dimension n, 
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(2) (X, A) is log canonical, 

(3) the coefficients of A are at least 5, 

(4) there is a positive integer m such that vol(A, m(Kx + A)) < A, 

(5) (f>K x +m(K x +A) is birational, 
is log birationally bounded. 

Theorem 2.6 ( [HMX10) Theorem 1.7]). Fix a set I C [0,1] which satisfies the 
DCC. Let S be a set of log smooth pairs {X, A), which is log birationally bounded, 
such that if (X, A) G 'D, then the coefficients of A belong to I. Then the set 

{vo\(X,K x + A)\{X,A)e®}, 

satisfies the DCC. 

2.3. Multiplier ideals and singularities of pairs. Let X be a smooth variety. 
If D is an effective Q-divisor on X, then the multiplier ideal sheaf associated to 
D is defined to be 

J(X,D) = ^O x >(K x , /x - 

where \i : X 1 — >• X is a log resolution of (X, D). It is known that a pair (X, £)) is 
kit (resp. non-kit) at a point x, if and only if 

J(X,D) x = O x , x (resp. D) x £ O x , x ) 

and a pair is kit if it is kit at each point x G X. A pair (X, D) is lc at a point x, if 
and only if 

J(X, (1 - e)D) x = O x>x 

for all rational numbers < e < 1 and a pair is lc if it is lc at each point x G X. 
Note that we have the following relation for non-kit locus 

Non-klt(X,Z>) = Supp(Ox/J(X,D)) Ted . 

The following is a useful way to produce non-kit pairs. 

Lemma 2.7 (|Laz2, Proposition 9.3.2]). Assume that X is smooth of dimension 
n, and let D be an effective Q-divisor on X. If mult x D > n at some point x G X, 
then J(X,D) is non-trivial at x, i.e. J(X,D) C m x , where m x is the maximal 
ideal of x. 

We now recall Nadel's vanishing theorem. 

Theorem 2.8 f |Laz2[ Theorem 9.4.8]). Let X be a smooth projective variety. Let 
D be an effective Q-divisor on X , and L a divisor on X such that L — D is nef and 
big. Then, for all i > 0, we have 

H l (X, Ox{K x + L) ® J(X, D)) = 0. 

2.4. Iitaka fibration. Here we recall some results regarding Iitaka fibrations. 
Let L be a line bundle on an irreducible projective variety X. The semigroup 

N(L) of L is 

N(L) = {me Z >0 \H a {X,mL) j= 0}. 

Assuming N(L) ^ (0), all sufficiently large elements of N(L) are multiples of a 
largest single natural number e = e(L) > 1, which we call the exponent of L. If 
k(X,L) = k > 0, then dim(^> m /,(X)) = K for all sufficiently large m G N(L). 
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Theorem 2.9 (Iitaka fibrations, see |Lazl[ Theorem 2.1.33]). Let X be a normal 
projective variety, and L a line bundle on X such that k(X,L) > 0. Then for all 
sufficiently large k £ N(L), there exists a commutative diagram of rational maps 
and morphisms 



X^-X 

l 

<t> k I 
Y 

Yk ■< ~ ~ Yr 



where the horizontal maps are birational and Uqq is a morphism. One has dimY"^ = 
n(X,L). Moreover, if we set L M = u^L, and F is a very general fiber of (poo, we 
have k(F, L^p) = 0. 

In this paper, we only deal with the case L = Ox(Kx) and simply write k(X) = 
k(X, Ox(Kx))- The following results are important for our induction in the proof 
of the main theorem. 

Lemma 2.10. Let X and Y be smooth projective varieties and T an algebraic 
variety. Assume that f : X — > Y is the Iitaka fibration of (X, Kx) and tp : Y — > T 
is a surjective morphism. For a very general closed point t e T, let V — <y5 _1 (t) 
and W = f (if (t)), then the restriction morphism fw '■ W — > V is the Iitaka 
fibration of (W, Kyy). 

Proof. By assumption, we have the following diagram 



^X 

fw f 
^ Y 

v 

t e T 



Since t is very general, we may assume V and W are smooth and the very general 
fiber of fw is just the very general fiber of /. Hence, in order to prove that fw is 
the Iitaka fibration, we only need to show dim!/ < k(W). 

Fix an ample divisor H on Y, then there exists a positive integer m such that 
mKx > f*(H). Since V is a smooth fiber, we have Kx\w = Kw ■ It follows that 
mKw > f w {H\v)i which implies 

h°(W, O w {imK w )) > h°(V, O v {iH\ v )) V i e Z >0 . 

Since H\v is ample on V, then k(W) > dimT^. Therefore, fw is the Iitaka fibration. 

□ 



Theorem 2.11 ( Lai09] Theorem 4.4]). Let X be a Q-factorial normal projective 
variety with non-negative Kodaira dimension and at most terminal singularities. 
Suppose that the general fiber F of the Iitaka fibration has a good minimal model, 
then X has a good minimal model. 
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3. Canonical bundle formula 

In this section, we collect some of the results regarding the direct image of the 
relative dualizing sheaf. 

Let X and Y be smooth projective varieties and / : X — > Y an algebraic fiber 
space with generic fiber F of Kodaira dimension zero. Let 6 be the smallest integer 
such that the 6-th plurigenus h°(F,bKp) of F is non-zero. Then there exists a 
Q-divisor Lx/y on Y such that 

Y ([iL x/Y \) S (f*O x (ibK x/Y ))** 

and 

H Q (Y,0 Y (libK Y + iL x/Y \)) = H°(X,Ox(ibK x )) 
for all i > 0. We may write the divisor L x /y as 

Lx/y = Lx/y + A) 

where L^zy is a Q-Cariter divisor, called the semistable part or the moduli 
part, and A is an effective Q-divisor, called the boundary part. Moreover, if / 
satisfies the conditions as in [FM001 4.4], then L^/y is ne f an d A has simple normal 
crossings support. Therefore, replacing Y by a smooth birational model, we may 
always assume that L X , Y is nef and A is a simple normal crossings divisor. 

In applications, it is important to bound the denominator of L x ,y 

Theorem 3.1 ( |FM0Q[ Theorem 3.1]). Under the above notations and assump- 
tions, let E —¥ F be the cover associated to the b-th root of the unique element of 
\bKp\. Let E be a nonsingular projective model of E and let B m be its m-th Betti 
number. Then there is a natural number N — N(B m ) depending only on B m such 
that NL^/y is a divisor. 

Let A = J^p spP. We have the following result about the coefficients sp. 

Proposition 3.2 ( FM00, Propostion 2.8]). Under the notations and the assump- 
tions as above, let N G Z>o be such that NL^/y is a Weil divisor. Then we 
have 

Lx/y = Lx/y + X! Sp ^' 
p 

where s P eQ for every codimension one point PofYis such that 

(1) For each P, there exists up,vp £ Z>o, such that < vp < bN and 
s P = (bNu P - v P )/(Nup). 

(2) Sp = if f*(P) has only canonical singularities or if X — > Y has a 
semistable resolution in a neighbourhood of P. 

Moreover, sp depends only on /|/-i(tr) where U is an open set of Y containing P. 

For convenience, we write My = L s ^^ Y /b and By = A/6, then all non-zero 
coefficients of By are contained in 

6 yv? / — v 

A(b,N) := { mu \u,v g Z >0 ;0 < v < bN}\{0}. 

Lemma 3.3 ([VZ09, Lemma 1.2]). Under the notations as above, the following 
hold true. 
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(1) The set A(b,N) is a DCC set, and one has 

±<MA(b,N). 

(2) (Y,B Y ) is log smooth and has kit singularities. 

(3) The Q-divisor K Y + My + By is big. 

(4) For every s 6 Z>o, we have 

H (Y,O Y ([sb(K Y + M Y + B Y )\)) = H°(X,O x (sbK x )); 

further the map (f> s bK x is birational to the Htaka fibration f if and only if 
|sfe(AV + M Y + -By) | gives rise to a birational map. 

(5) bNM Y is an integral nef Cartier divisor. 

(6) If m S Z>o is divisible by bN , then \mB Y \ > (m — 1)B Y . 

Lemma 3.4. Under the same notations and assumptions as in Lemma VS.tA (Y, M Y + 
By) has a log terminal model and a log canonical model. 

Proof. Since K Y + My + By is big, we may write Ky + My + By A + E, where 
A is an ample Q-divisor and E is an effective Q-divisor. By (2) of Lemma 13.31 
(Y, By) is kit, so (Y, By + eE) is also kit for < e < 1. By (5) of Lemma[331 My 
is nef, so My + eA is ample. Thus there exist a sufficiently ample divisor A 1 and a 
rational number < e' < 1 such that My + eA ~ Q e'A' and (Y, B Y + eE + e'A') is 
also kit. It follows that 

(1 + e)(Ky + My + By) ~Q Ky + My + By + eA + eE 

~q Ky + By + eE + e'A'. 

By [BCHMlOj . (Y, By + eE + e'A') has a log terminal model Y m and a log canonical 
model Y c . It is easy to see that Y m (resp. Y c ) is also a log terminal model (resp. 
log canonical model) of (Y, My + By). □ 

Lemma 3.5. Under the notations and assumptions as in Lemma \2.1(A the bound- 
ary part By of fw is the restriction of By to V and the moduli part My of fw is 
Q-linearly eguivalent to the restriction of My. 

Proof. Since (Y, By) is log smooth and V is a very general fiber of (p : Y — > T, we 
may assume that By\y has simple normal crossings support. Let By — ^2 P rpP 
and By — J^q r 'qQ- Recall that 1 — rp is the log canonical threshold of f*P with 
respect to (X, —Dx/b) over the generic point of P and 1 — r'q is the log canonical 
threshold of f^Q with respect to {W, —D\y/b) over the generic point of Q, where 
D x = bK x - f*(bK Y + L x/Y ) and D w = bK w - f^{bK v + L w/V ) (see [Fuj03l 
Defintion 3.4]). Since W is a very general fiber, we have Dx\w = Dw- Hence 
t'q = when Q is not contained in the support of By\y and r'q — rp when Q is 
the restriction of some component P of By. Therefore By = By\y . On the other 
hand, we have Ky + My + By ~ Q (Ky + My + B Y )\ V . Hence My ~ Q M Y \y . □ 

Variation. Let / : X — > Y be an algebraic fiber space. Let K D C be an al- 
gebraically closed field contained in C(Y) such that there is a finitely generated 
extension L of K such that Q(L ® K C(Y)) = Q(C(X) ®c{Y) C(Y)) over C(Y), 
where Q denotes the fraction field. The minimum of tr.degcif for all such K is 
called the variation of / and denoted by Var(/). 
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Theorem 3.6. Let f : X -> Y be the Iitaka fibration as in |FM00| 4.4]. // the 
generic fiber F of f has a good minimal model, then the following are equivalent: 

(1) My is numerically trivial. 

(2) M Y ~ q 0. 

(3) k(Y,M y )=0. 

(4) Var(/) = 0. 

Proof. (1)<^=>(2) is followed by |Amb051 Theorem 3.5]. The implication (2)=>(3) 
is trivial. Since F has a good minimal model, following [Kaw85, Theorem 1.1], we 
have (3)^=^(4) (cf. |Fuj03j Remark 3.9]). Finally, Fujino |Fuj03[ Theorem 3.11] 
proves the implication (4)=>-(2). □ 

4. BlRATIONAL COVERING FAMILIES OF PURE LOG CANONICAL CENTERS 

Iii this section, we construct a birational covering family of pure log canonical 
centers. 

Recall that a subset P of a variety Y is called countably dense if it is not 
contained in the union of countably many closed subsets of Y. 

Lemma 4.1. Let (Y, A) be a log pair, where Y is projective and let D be a big Q- 
Cartier divisor on Y . Suppose that for every point y £ P, where P is a countably 
dense subset of Y , we can find a pair (A„, W v ) such that W y is a pure log canonical 
center for Ky + A + A y at y and A y D/w y for some positive rational number 
w y . Then there exists a diagram 

<p 

T 

such that (p is a dominant morphism of normal projective varieties with connected 
fibers and for a general fiber Vt of <p there exists y £ <p(Vt) so that ip(Vt) is a pure 
log canonical center for Ky + A + A t with A t ~q D/w at y, for some weight w. 
Also tt is a generically finite and dominant morphism of normal varieties. 

Proof. See |M C K021 Lemma 3.2] or jTod071 Lemma 3.2]. □ 

Lemma 4.2 (M c Kernan). Let (Y, A) be a log pair, where Y is a normal projective 
variety of dimension n' . Let D be a nef and big Q-Cartier divisor. Let (At, Vt) be 
a covering family of weight less than w and dimension k. 

If (At, Vt) is not birational then we may find a covering family of (T S ,W S ) of 
weight w/{n' — k) and dimension I, where either 

(1) I > k, or 

(2) I < k and (T S ,W S ) is a birational family. 

Remark 4.3. Lemma H. 2 1 still holds if we only assume that D is big instead of nef 
and big. 

Proof. See |M C K02[ Lemma 4.2]. □ 

Corollary 4.4. Let (Y, A) be a log pair, where Y is a normal projective variety of 
dimension n' . Let D be a big Q-Cartier divisor. Let (At, Vt) be a covering family 
of weight w and dimension k. Then there exists a birational covering family of 
(r s , W s ) of weight w' > w/{n' - 1)!. 



VARIETIES OF INTERMEDIATE KODAIRA DIMENSION 



9 



Proof. This is immediate from Lemma 14. 2 



□ 



By Lemma 13.31 Ky + My + By is a big (Q-divisor on Y, where Y is a smooth 
projective variety of dimension n', so for each point y S Y, we can find a pair 
(D y , V y ) such that 

(1) D y ~q X(Ky + My + By), for some rational number A > 0, 

(2) V y is a pure log canonical center of (Y, D y ) at y. 

Note that we can take the same A for every point in a countably dense subset of Y 
with Aiuy{V v ) = k. Then by the previous corollary we obtain a diagram 



Y' 



Y 



T 



such that 



(1) TT is birational and tp is dominant. 

(2) Let Vt — 7r(V/), where V( is a general fiber of ip. Then there exists a Q- 
divisor D t X'(Ky + My + By) on Y such that Vt is a pure log canonical 
center of (Y,D t ) and A' < A(n' - 1)!. 

Proposition 4.5. Let f : X — > Y be the litaka fibration satisfying the hypotheses 
of Theorem Suppose that for any y in a countably dense subset of Y , there 



is an effective Q-divisor D y X(Ky + My + By) such that y 6 Non-klt(Y, D y ). 
Then there exists a diagram 




such that 

(1) X' and Y' are smooth projective varieties. 

(2) 7r is birational, ip is dominant with dimT > and f satisfies the hypotheses 
of Theorem 

(3) For any very general fiber V{ of ip, there exists an effecitive Q-divisor D' t ~q 
X'(Kyi + My i + By/) on Y' such that V( is a pure log canonical center of 
(Y', D' t ) and X' < X(n' - 1)!, where n' = dimF. 

Proof. By our discussions above, there exists a covering family F'4t such that 
Y' A Y is birational. Now replace Y' by a smooth model and let X' be the 
resolution of the main component of X Xy Y'. It is easy to see that /' and / have 
the same generic fiber. Hence, (1) and (2) are satisfied. We only need to show (3). 

Let Vt = Tt(yi). By our assumptions and previous discussions, there is an effec- 
tive Q-divisor D t X'(Ky + My + By) on Y such that Vt is a pure log canonical 
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center of (Y,D t ) and A' < A(n' — 1)!. Since tt is birational, for all m e Z>o suffi- 
ciently divisible, we have 

H (Y',O Y >(m(K Y ,+M Y ,+B Y ,))) = H°{X> \0 X '{mK x ,)) 

£* ff o (A,0 x (mi^)) 
S H (Y,O Y (m(K Y + M Y + B Y ))). 

So there is an effective Q-divisor L>£ ~q A'(-KV/ + M Y < + By) on Y"' such that 
n(D' t ) = D t . Since V{ is a very general fiber of ip, (Y' , D' t ,V/) and (Y,D t ,V t ) are 
isomorphic at the generic point of V/. Therefore, V[ is a pure log canonical center 
oi(Y',D' t ). ' □ 

Lemma 4.6 ( |M C K02| Lemma 5.3]). Let (Y, A) 6e a Zo# pair and Zei D be a Q- 

divisor of the form A+ E where A is ample and E is effective. Let (At, Vt) be a 
covering family of weight greater than w and dimension k. Let A t be the restriction 
of A to Vt. Suppose that for all very general points t € U we may find a covering 
family of (r tjS , Wt jS ) on Vt of weight, with respect to A t , greater than w' . 

Then we may find a covering family of (T Sl W s ) of dimension less than k and 
weight 



w + w' 

Further if both (A t ,Vf) and (Tt t s,Wt, s ) are birational families then so is (T S ,W S ). 



5. SUBADJUNCTION 

In his fundamental paper Kaw98 , Kawamata proves a remarkable subadjunction 
theorem. An immediate consequence of this theorem is that if (X, D) is a log 
canonical pair, V is a non-kit center of (X,D), then we have (Kx + D)\v 
Ky + Ay, where Ay is a pseudoeffective divisor on V. Actually, one can prove a 
more precise result. 

Proposition 5.1 (Subadjunction). Let X be a normal variety and D an effective 
Q-divisor on X such that (X,D) is a log pair. If V is a pure log canonical center 
of (X, D) and v : V v — > V is the normalization, then we have 

{K x + D)\v» ~ Q K V v+A v », 

where Ay is an effective Q-divisor. 

Remark 5.2. Recently, Fujino and Gongyo FGIO prove the much stronger result 
that if (X, D) is an lc pair and V is a minimal non-kit center of (X, D), then there 
exists an effective Q-divisor Ay on V such that (Kx + D)\y ~q Ky + Ay and 
(V, Ay) is kit. 

This result depends on Ambro's results on the moduli (b-)divisor associated to 
an lc-trivial fibration . 

Theorem 5.3 (Ambro). Let f : (X, B) — >• Y be an lc-trivial fibration such that the 
generic geometric fiber X f] = X x Y Spec(fc(Y")) is a projective variety and Bfj is 
effective. Then there exists a diagram 
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(X,B) 
f 

Y 



Y 



(X\B'-) 



Y l 



satisfying the following properties: 

• / ! : (X',B') —> Y' is an Ic-trivial fibration. 



• t is generically finite and surjective and g is surjective. 

• There exists a nonempty open subset U C Y and an isomorphism 



(X,B) x Y Y\u = ^{X\B') x y! Y\ v 

• Let M and M ! be the corresponding moduli Q-b-divisors. Then M ! is b- 
nef and big and r*M = g*(M ), which implies M is b-nef and good. In 
particular, M is Q-linearly equivalent to an effective divisor. 

Proof. See |Amb051 Theorem 3.3]. □ 
Before giving the proof of 15.11 we need the following useful lemmas. 

Lemma 5.4 (Hacon). Let X be a normal quasi-projective variety and B a boundary 
WL- divisor on X such that Kx + B is M.-Cartier. Then, there exists a projective 
birational morphism f : Y — > X from a normal quasi-projective variety Y with the 
following properties. 

(1) Y is Q-factorial. 

(2) a(E,X,B) < —1 for every f -exceptional divisor E on Y . 

(3) We put 

By - f-'B + J2 E - 

E-.CEx(f) 

Then (Y, By) is dlt and 

Ky + B Y = t{K x +B)+ (a(E,X,B) + l)E. 

a(E,X,B)<-l 

In particular, if (X, B) is Ic, then Ky + By = f*(Kx + B). Moreover, if 
(X, B) is dlt, then we can assume that f is small, that is, f is an isomor- 
phism in codimension one. 

Proof. See e.g. |Fuj09| Theorem 10.4]. □ 

Remark 5.5. Lemma [S"T4l still holds if the coefficients of some components of B are 
greater than 1. But we need to replace (3) by 

(3') Let 

By = f- l B^ 1 + Supp/- 1 B >1 + ]T E. 
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Then (Y, By) is dlt and 

K Y +B Y = f*(K x +B)+ (a(F,X,B) + l)F. 

a(F,X,B)<-l 

Lemma 5.6 (Adjunction for dlt pairs). Let (X,D) be a dlt pair. We put S = [D\ 
and let S = ^2 ieI Si be the irreducible decompostion of S . Then, W is a non-kit 
centre for the pair (X,D) with codim^VK — k if and only if W is an irreducible 
component of fl Si 2 H • • • H Si k for some i^, ■ • • , ik} C /. By adjunction, we 
obtain 

K Sil + Diff(D -S n ) = (K x + D)\ Sil , 

and (Si 17 DiS(D — S^)) is dlt. Note that is normal, W is a non-kit center for 
the pair (5j 1 ,Diff(D — S^)), SiAst is a reduced component of Diff(£> — S^) for 
2 < j < k, and W is an irreducible component of (Si 2 |s 4 )f](Si 3 |s 4 )H- • -Ci(Si k |s 4 ). 
By applying adjunction k times, we obtain a Q-divisor A > on W such that 

(K x + D)\ w = K w + A 

and (W, A) is dlt. 

Proof. See |Cor07[ Proposition 3.9.2]. □ 

Proof of Provosition \5. 11 Applying Lemma 15.41 and Remark l5.51 we may get a mor- 
phism / : Y — >• X satisfying the properties of Lemma [5.41 Let Dy = f* 1 D- 1 + 
Supp/^ 1 L» >1 + J2 E -.CEx(f) E - Then we have 

f*(K x +D)=Ky + Dy- (a(F,X,D) + l)F, 

a{F,X,D)<-l 

and the pair (Y,Dy) is dlt. Since V is a pure log canonical center of (X, D), F is 
vertical over V if a(F, X, D) < -1. 

Let W be a minimal non-kit center of (Y, Dy) over the generic point of V and 
v : V v — > V the normalization of V. We obtain the following diagram 

W<- ^Y 

y ■< j 

u — U- v v — x 

s t 

where g : W — >• V v is the induced morphism and W — > U — > V" is the Stein 
factorization of g. 

By Lemma I5~B1 there exists a log pair (W,Ayy), where Aw > 0, such that 
K w + A w ~ Q (K Y + Dy- {a(F,X,D) + l)F)\ w ~ q f*(K x +D)\ w , 

a(F,X,D)<-l 

and the non-kit centers of (W, Aw) are vertical over V", so (W, Aw) has kit singu- 
larities over the generic point of V v . It follows that (W, Av^) is kit over the generic 
point of U . Moreover, 

K w + A w ~q g*((K x + D)\v~) ~q s*{{K x + D)\ v ). 

Therefore, s : (W, Aw) — > U is an lc-trivial fibration as defined in AmiiO 1 Defini- 
tion 2.1]. 
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We may write (Kx + D)\u ~Q Ku + M + B, where M is the moduli part and B 
is the boundary part of this lc-trivial fibration. Since Aw > 0, B > 0. By Theorem 
15.31 we may assume that M is effective. Let Ajj — M + B, then, 

(K x + D)\u -qKu + Au 

and Au > 0. Since t : U -> V v is finite and + A^ ~ Q + D)|yv), it is 

easy to see that there exists an effective Q-divisor Ay» on V v such that 

[Kx + D)\ V » ~Q Ky, + Ay,. 

□ 



6. Creating isolated non-klt centers 

Proposition 6.1. Assume that Theorem ] l. l 2\ holds for varieties of dimensions < n. 
Let f : X — > Y be the Iitaka fibration satisfying the hypotheses of Theorem ] 1. HA with 
dimX = n and dimY = n' . Then there exist positive constants a and (3 depending 
on n, b and k, such that for any very general point y G Y there is an effective 
Q-divisor D y such that 

(1) D y ~ Q X(K Y + My + By), where X < — - - ^ - ^ + (3; 

(2) y is an isolated point of Non-klt (Y, D y ). 

Proof. Take a very general point y 6 Y. Since ify + My + By is big, by the 
argument in the proof of jPac091 Theorem 6.2], we can pick an effective Q-divisor 
Dq Xo(Ky + My + By) which has multiplicity > no at i/, where no = n ' and 
A < ra (vol(Y, K Y + My + By))- 1 / 110 + e with 1 > e > 0. Hence there is a 
component Vq of Non-klt (Y, Do) passing through y. Multiplying D by a positive 
rational number < 1, we can assume that Vq is a pure log canonical center of 
(Y A)). 

By Proposition 14. 5[ we may replace Y with a higher smooth birational model 
such that there exists a morphism ip : Y — > T satisfying the properties of 14.51 
Therefore, the point y is contained in a very general fiber V\ of ip and there is 
an effective Q-divisor D\ ~q X\(Ky + My + By) on Y with Ai < Xo(no — 1)! < 
tiq!(vo1(Y, Ky + My + By)) -1 /™ + £o("o ~ 1)!, such that V\ is a pure log canonical 
center of (Y, D\). 

By Lemma [374] there is a log canonical model Y' of (Y, My + By). Replacing Y 
with a higher smooth birational model, we may assume that there is a morphism 
(j) : Y -> Y'. Let My = <£*My and By = 0*By. Then K Y , + My, + By is 
Q-Cartier and ample on Y'. 

By our assumption, the generic fiber of / has a good minimal model. Applying 
Theorem I2.11[ there exists a good minimal model X' of X. Replacing X with a 
higher smooth birational model, we may assume that there is a morphism ip : X — ¥ 
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X' . Hence, we obtain a diagram 



/ /' 



T 

where /' is the induced rational map. 

Remark 6.2. The generic fiber of / may have changed after running the Minimal 
Model Program, so / may not satisfy the hypotheses of Theorem 11.21 But since 
our new X is a higher birational model of the original one, we do not change either 
My or By by the Canonical Bundle Formula. 

Lemma 6.3. We have the following: 

(1) Y' is isomorphic to the weak canonical model (X') w of X' in the sense that 

(XT = Proj H°(X',G x ,(mK x ,)). 

m>0 

(2) /' is a morphism and K X i f'*{KY> + My + By 1 )- 

Proof. X' is a good minimal model, so X' admits a morphism to its weak canonical 
model (X') w . On the other hand, Ky 1 + My + By is ample on Y', so 

Y > = Proj H°(Y',Oy{lm(K Y > + My + By)})). 

m>0 

If m G Z>o is sufficiently divisible, by the Canonical Bundle Formula we have 

H°(X',0 X '{mK x ,)) S H a (X,O x (mK x )) 

S H°(Y,OY([m(KY + MY + B Y )\)) 

= H (Y',O Y '{[m(Ky + My + By)})). 

Hence Y' is the weak canonical model of X 1 and (2) follows from (1). □ 

Now let y' = <f>(y), V{ = (f>(Vx), and D[ = (j>*{D x ) and let m = dimFi = dimV{. 
Since V\ is a pure log canonical center of (Y, Z?i) and y' is very general, it follows that 
V{ is a pure log canonical center of (Y 1 , M Y > + B Y < + D[) at y' . Let Wi = 
W{ = f'~ x {Vl), V" the normalization of V{, W" the normalization of W{ and 



VARIETIES OF INTERMEDIATE KODAIRA DIMENSION 



15 



7 : Wi —?• Vi the induced morphism. We have the following diagram 




By Lemma 12.101 and Lemma 13.51 the morphism fw 1 ■ Wi — > V\ is the Iitaka 
fibration of (W\ , Kw ± ) and the moduli part My x of fw x is Q- linearly equivalent to 
the restriction of My to V\ . Thus we can assume that fw x satisfies the hypotheses 
of Theorem O 

Remark 6.4. As in Remark 16.21 the generic fiber of fwi may be different from the 
original one. However this does not affect the computation of My 1 and By 1 . 

Lemma 6.5. There exists a constant S > depending on n— 1, 6 and k, such that 
vol(Vi,.KV 1 + M Vl +B Vl )> 5. 

Proof. Since dimWi < n, by our assumptions in Proposition 16.11 there exists a 
positive integer mi depending on n — 1,6 and k, such that (f> mi (K Vl +M Vl +Bv ) 
gives a birational map. Then vol(Vi, mi(Kv 1 + My, + By^) > 1 by Lemma [ 
Therefore, 

vol(Vi , K Vl + M Vl +B Vl ) = — vol(Vi , mi (K Vl + M Vl + B Vl ) ) 



> 



1 



> 



n-1 ' 



□ 



Now let 6 be 1/mJ -1 . 

We have the following fact. 
Lemma 6.6. vo\(V{, (K Y > + My + B Y > + D' x )\ v >) > S. 

Proof. By Lemma RP1 we have Kx> ~q /'*(Ky' + My + By). V{ is a pure log 
canonical center of (V, My + By + D[) and y' is a very general point of Y', so 
W[ is a pure log canonical center of (X', 

By Proposition 15. 11 there exists an effective Q-divisor on Wi, such that 

(K x , + rD'^w, ~q tfvi? + A ffr • 

On the other hand, 

(K X > + f'*D[)\ Wr -/*((Ky + My + By + D[)\ V »). 

For all m £ Z>o sufficiently divisible, by the Projection Formula we have 
h°(W 1 _,O w »{m{K w »+& w »))) = hPiV^Ov^miKy+My+By+D 1 ^)). (*) 
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By the Canonical Bundle Formula, 

h°(W u O Wl (mK Wl )) = h°(V u O Vl (m(K Vl + M Vl + B Vl ))). (**) 
Since W\ is smooth and Aw* > 0, it follows that 

h°(W?,O wr (m(K wr +Awj.))) > h (W u O Wl (mK Wl )). 
Therefore, by equations (*) and (**), 

h (y?,Ovr(m(K Y > +M Y > + By +D' 1 )\ v »)) > h Q {V u O Vl {m{K Vl +M Vl +B Vl ))), 
which implies 

vol(^, (K Y < + My + By, + D[)\ vr ) > vol(V u K Vl + M Vl +B Vl ). 
Note that the normalization v : V" — > V{ is birational. Thus we have 

V0l(V{, (Ky + My, + By, + D[)\ v{ ) = Vol(^, (Ky + My, + By, + & r )\v{) 

> vol(Vi , K Vl + M Vl + B Vl ) 
S. 



a 



Let <j>v x ■ Vi —> V{ be the restriction of (j> to V\. We have 

4>*(Ky + My, + By,)\ Vl ~Q (j>* Vl ((Ky + My + By)\ v{ ). 

Recall that D[ ~q \i(Ky + My, + By,), so by Lemma HTBl it follows that 

VO^ , (f* {Ky + My, +By,)\ Vl ) = Vol(V{ , (Ky, + My, + By ) | v{ ) 

V0l(V{ ,(Ky + My +By+D' 1 )\ v{ ) 



(1 + Ar)«i 



> 



fl + Ai)»i" 

Hence for any very general fiber V% of tp, we always have 

V0l(V t ,<p*(Ky + My, +By)\ Vt ) > S^ + X^ 1 . 

Then for any point p € Vt, there exists an effective Q-divisor E t , p ~q \t, p (<t>* {Ky, + 
My + By)\v t ) on Vt such that mult p -Et iP > n\ and 

ni 

l ' P < VO\(V t ,0*(Ky + My + By)\ Vt y/^ + 



< «Jl/niVOl(y, Ky + My + By)^« + (1 + ^ + ^ 

where < e\ <C 1. This implies that there is a component of Non-klt(Vt, E tiP ) 
passing through p. Multiplying E tiP by a positive rational number < 1, we can 
assume that p is contained in a pure log canonical center of (Vt, E ttP ). 

Applying Lemma |4. II and Corollary 14. 4[ there exists a birational covering family 
of (L tiS , W tiS ) on V t of weight w' with respect to (j)*(K Y , + My, + B Y ,)\ Vt such that 
Lt,s ~q [t/w^^iKy + M Y , + By, )\ Vt and the image of W t . s on V t is a pure log 
canonical center of (Vf,r t s ), where 

1 7io!ni! nil 
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By Lemma T4. 61 we can find a new birational covering family of (D' s , V") on Y' 
of dimension less than m and weight w" such that 

1 . 1 

— = A i + — 

w w 

< vol(Y~, K Y + M Y + By) 1 /"" 

Til ' 

+ (1 + e (n Q - 1)0^7 + ei(«i - 1)! + eo("o - 1)!. 
Therefore, we obtain the following diagram 

Y" " ? Y' 
S 

where 4>" is birational and ip" is surjective. For the very general point y' 6 Y' , 
there are an effective Q-divisor _D^. A2(ify +My> + By) on F' with A2 = 1/w" 
and a very general fiber V" of ip" such that V^' = (f>"(Vg) is a pure log canonical 
center of (Y',My + By + D' s ) at y' with dimV 2 ' < dimV"/ = m. Replacing Y" 
with the common higher smooth model of Y, Y' and Y", we can assume that Y" is 
smooth and the dimension of any very general fiber of <p" : Y" — > S is strictly less 
than that of ip : Y — > T. The moduli part My on Y" is still Q-linearly trivial, 
since it is the pullback of My ■ 

Repeating above procedure at most n'—l times, there exists an effective Q-divisor 
D' ~ Q \{K Y , + My, + By,) on Y' with A < a(vol(F, Ky + My + By))- 1 /"' + 13, 
where a and (3 depend only on n, k and b, such that y' is a pure log canonical center 
of (Y', My + By + D'). By the standard tie-breaking technique, we can assume 
that y' is the unique non-kit center of (Y\ My + By/ + D') on a neighborhood of 
y', i.e. y' is an isolated point of Non-kit (Y 1 , My + By, + D'). Since Y' and Y 
are birational, there is a unique effective Q-divisor D y ~q X(Ky + My + By) on 
Y such that 4>*(D y ) = D'. Then D y satisfies the requirements in Proposition 16. II 
This completes the proof. □ 

Remark 6.7. If we assume Theorem ll.2l without the hypothesis (1) holds for varieties 
of dimension < n (i.e. we do not assume that My ~q 0), then for any Iitaka 
fibration / : X — > Y satisfying the hypotheses (2) and (3) of Theorem 11.21 with 
dm\X = n and dimy = n' , the conclusion of Proposition 16 . II still holds. Therefore, 
if Theorem 11.31 holds for varieties of dimension < n, then for any n-dimensional 
variety X of Kodaira dimension n — 1 with Iitaka fibration / : X — > Y, there exist 
positive constants a and (3 depending only on n such that for any very general point 
y G Y there is an effective Q-divisor D y satisfying (1) and (2) of Proposition ^. II 

7. Proof of [TT21 and [TT31 

Lemma 7.1. Let f : X — > Y be the Iitaka fibration satisfying the hypotheses of 
Theorem Let mo be a positive integer and assume that for any very general 
point y £Y , there exists an effective Q-divisor D y X(Ky + My + By) where 
X < too — 1, such that y is an isolated point in Non-kit (Y, D y ). Then for all 
to > Too such that mMy is an integral divisor, i.e. m is divisible by bN , we have 
h°(X,Ox(rnKx)) > and moreover, ifm> 2m , then h°(X, O x {mK x )) > 2. 
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Proof. Since Ky + My + By is big, there exist an ample Q-divisor H and an 
effective Q-divisor G on Y such that Ky + My + By H + G. Pick a very general 
point y G Y not contained in the support of G + By . By Lemma 13.31 the divisor 
(\mB Y \-(m-l)B Y ) is effective. Let D' y = D y +(m-l-X)G+[mB Y \-(m-l)B Y . 
Then 

[m(Ky + My + By)\ - Ky - D' y ~Q (m - 1 - \)H + My 

is ample so that H^Y, Oy{\m{K Y + My + B Y )\)® J(Y, D' y )) = 0. 
Consider the short exact sequence of coherent sheaves on Y 

0^Oy([m(Ky + My + By)\)<E>J{Y,D / y )^Oy([m(Ky + My + By)\) -> Q^Q 

where Q denotes the corresponding quotient. By the discussion above, the map 

H°(Y, Oy([m(Ky + My + By)\)) -> H° (Y, Q) 

is surjective. Since y is an isolated point in Non-klt(Y", D' y ), C v is a direct summand 
of H°(Y, Q). Thus, we have 

h°(X, Ox(mK x )) = h°{Y,Oy([m{K Y + My + By)\)) > 0. 

Pick a very general point yi € Y . Then there is an effective Q-divisor D yi ~q 
X(K Y + My + By) such that yi is an isolated point in Non-klt(Y, D yi ). Now we 
may pick a very general point yi 6 Y not contained in the support of D yi , and pick 
a very general divisor D y2 ~q \{K y + My + By) such that yi is an isolated point 
in Non-kit (Y, D V2 ) and y\ is not contained in the support of D y2 . Hence y\ and y% 
are isolated points in Non-kit (y, D yi + D y . 2 ). Then h°(X, O x (mK x )) > 2 by an 
argument similar to the discussion above. □ 

Lemma 7.2. Let f : X — > Y be the litaka fibration satisfying the hypotheses of The- 
orem M.^ Let m' be a positive integer divisible by bN . Assume that h (X, mKx) > 
2 for all m > m' Q such that m is divisible by bN. Let X' — > Y' — > P 1 be any 
morphism induced by sections of Ox(m' Kx) on an appropriate birational model 
f : X' -)• Y' of f : X Y . Let p £ P 1 be a very general point, fw : W -t V 
denotes the restriction of f to the fiber over p. If there is a positive integer s divis- 
ible by bN such that \sKw\ induces the litaka fibration for any very general point 
p, then \tKx\ induces the litaka fibration for all t > m' (2s + 2) + s such that t is 
divisible by bN . 

W c X' ^ X 




Proof. Following [K0I86, Theorem 4.6] and its proof, |(toq(2s + 1) + s)Kx\ gives 
the litaka fibration. Since mKx is effective for all m > m' such that m is divisible 
by bN, the assertion follows. □ 



Proof of Theorem Since the moduli part is Q-linearly trivial by Theorem 13.61 
we always have vol(Y, Ky + My + By) — vol(Y", Ky+By). The proof is by induction 
on the dimension of X. It is well known that the theorem holds for n = 1. Assume 
that the theorem holds when dimJT < n — 1. Let / : X — > Y be the litaka firation 
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satisfying the hypotheses of Theorem 11.21 with dimX = n and dimY" = n'. By 
Proposition 16.11 for any very general point y G Y , there exists an effective Q- 
divisor D y ~ Q X(K Y + M Y + By) with A < a(vol(Y,K Y + M Y + By))- 1 /" 1 ' + (3, 
where a and f3 are two positive constants depending only on n, b and k, such that 
y is an isolated point in Non-klt(Y, D y ). 

If vol(y, Ky + My + By) = vol(Y, K Y + By) > 1 , Proposition O Lemma O 
and Lemma 17.21 imply that there exists an positive integer m n only depending on 
n, b and k such that mKx gives the Iitaka fibration if m > m n and divisible by bN. 

Now we prove the case when vol(F, Ky + My + By) = vol(Y, Ky + By) < 1. 
By induction, there exists a positive integer s such that |s_KvH gives the Iitaka 
fibration for all W with dimVF < n — 1 satisfying the hypotheses of Theorem 11.21 
By Proposition ^. 1[ Lemma lTTTl and Lemma lTT^l |mifx| induces the Iitaka fibration, 
for 

rv 

m = 8bNs\ — ; —r-r +0 + 1], 

1 voi(r, Ky + M Y + B Y yi n ' 1 1 

so 4> m {Ky +m y +b y ) gives a birational map. As mMy is a Q- linearly trivial Carticr 
divisor, (/>K Y +(2n'+i)m(KY+B Y ) is also birational by Lemma [2~3l We have 

vol(y, (2n' + l)m(Ky + By)) = {2n + l) n ' m n \o\{Y, Ky + By) 

< (2n' + 1)"' (8WVs)™' {a + /3 + 2) n ' 

< (2n+l) n {8bNs) n (a + f3 + 2) n . 

It follows that there is a constant A such that vol(Y, (2n' + l)m(K Y + By)) < A. 
Then Lemma \'S. 31 and Theorem 12.51 imply that the set of such log pairs (Y,By) is 
log birationally bounded. 

By Theorem 12.61 there exists a constant 6 n > such that 

vol(Y, K Y + B Y ) > 5 n . 

So we are done by applying Proposition 16. 1[ Lemma 17. II and Lemma 17.21 again. □ 

Proof of Theorem \1.3[ By Remark 16.71 Lemma 17.11 Lemma 17.21 and the argument 
in the proof of Theorem 11.21 we only need to show that vol(Y, Ky + My + By) is 
bounded from below. 

Since Kodaira dimension of X is n — 1, the general fiber of / is an elliptic curve. 
The j-invariant defines a rational map J : Y P . Replacing Y by a higher 
model, we may assume that J is a morphism. Then by |PS0 9, 7.16], we have 

My ~ Q ij*(0 pI (l)). 

J*(Opi(l)) is base point free on Y. Picking a general member Dy G | J*(Opi (1))|, 
we can assume that j§Dy + By is simple normal crossings and 

Ky + My + By ~ Q Ky + -^Dy + By. 

If vol(Y, K Y + j^Dy + By) = vo\(Y,K Y + My + By) > 1, we are done. So 
we can assume that vo\(Y,K Y + ±D Y + By) = vol(Y,K Y + My + By) < 1. 
By the same argument in the proof of Theorem 11.21 it is easy to see that the set 
{verify, K Y + j^Dy + By)} satisfies the DCC. Therefore, vol(Y, K Y + My + By) 
is bounded from below. □ 
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Remark 7.3. In PS09, Conjecture 7.13], Prokhorov and Shokurov list a series of 
conjectures concerning the effective Iitaka fibration problem. If one can prove the 
effective adjunction conjecture ( [PS 09] Conjecture 7.13(3)]), i.e. there exists a 
positive integer / depending only on the dimension of X such that I My is linearly 
equivalent to a base point free divisor on Y, then by Remark 16. 71 and the argument 
in the proof of 1.3, one can prove Theorem 11.21 without the hypothesis (1). 
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